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We present an approach to one-way quantum computation (1WQC) that can compensate for
single-qubit errors, by encoding the logical information residing on physical qubits into five-qubit
error-correcting code states. A logical two-qubit cluster state that is the fundamental resource
for encoded quantum teleportation is then described by a graph state containing ten vertices with
constant degree seven. Universal 1WQC that incorporates error correction requires only multiple
copies of this logical two-qubit state and a logical four-qubit linear cluster state, which are prepared
only just in advance of their use in order to minimize the accumulation of errors. We suggest how to
implement this approach in systems characterized by qubits in regular two-dimensional lattices for
which entangling gates are generically global operations, such as atoms in optical lattices, quantum
dots, or superconducting qubits.
PACS numbers: 03.67.Lx, 03.67.-a, 03.67.Pp
I. INTRODUCTION
A fundamental requirement for the implementation
of reliable quantum information processing is the abil-
ity to diagnose the presence of errors that might have
occurred on quantum bits (qubits) and to make the
appropriate corrections, without obtaining any knowl-
edge of the quantum information itself. Quantum error-
correcting codes (QECCs) were developed over a decade
ago that can accomplish this [1, 2, 3, 4, 5, 6], with
a five-qubit QECC being the smallest that can per-
fectly protect against an arbitrary error on a single
qubit [7, 8, 9]. QECCs serve as a crucial ingredient for
fault tolerance [10, 11], which is the full protection of
quantum information during the implementation of all
quantum gates and measurements, as long as the fre-
quency of errors is below a certain threshold [12, 13].
The usual approach to fault tolerance is through con-
catenation of QECCs [14], though these generally give
very low thresholds [15]; topological approaches to quan-
tum computation can cope in principle with much higher
error rates [16, 17]. Many QECC schemes have been suc-
cessfully demonstrated theoretically and experimentally
over the years [18].
It remains unclear how best to extend the ‘one-way’
quantum computation (1WQC) model [19, 20], where
processing occurs solely by performing measurements on
a highly entangled ‘graph’ state, to include fault toler-
ance. The most intuitive method, which is to imple-
ment an encoded quantum circuit in 1WQC [21, 22, 23],
does not directly correct for errors in the preparation
of the relevant graph state nor errors that accumu-
late on physical qubits as a function of time. One
approach would be to embed the cluster state in a
decoherence-free subspace [24, 25, 26]. Topological tech-
niques [27, 28, 29, 30, 31] solve this problem and yield
high error thresholds. A complementary method for
fault-tolerant 1WQC that has been recently proposed is
based on embedding QECC graphs into the computa-
tional graph state [32, 33, 34], and our proposal has some
features in common with these. If the encoded graph
state is prepared in advance, however, this approach can-
not adequately compensate for the large number of errors
that are likely to have occurred on distant physical qubits
by the time they are measured.
We propose a simple and practical method for 1WQC
that incorporates the five-qubit QECC, which is the mini-
mum size for quantum codes that can correct single-qubit
errors, and which has a simple and intuitive construction
in terms of graph states. The main approach is two-
fold. First, rather than building the full (computational)
cluster state in advance, one instead forms a collection
of linear two-qubit and four-qubit (sideways ‘horseshoe’)
cluster states, which together represent only a small piece
of the graph state needed to simulate a given quantum
circuit. In this way, one minimizes the temporal accumu-
lation of errors on qubits. This strategy also minimizes
the vertex degree of any given vertex in the resulting
graph states, which is advantageous for state purifica-
tion protocols [35, 36]. These features comes at a cost,
however; the entanglement cannot be all generated before
the computation begins as it is in the usual measurement-
based model. This proposal therefore consists of a hybrid
of 1WQC and the quantum circuit method. Second, each
of the qubits in these small cluster states are in fact en-
coded qubits representing a five-qubit QECC, so that any
single-qubit error that occurs on any of the (two or four)
encoded qubits can be detected and corrected before any
gate teleportation.
Computation proceeds by first encoding the left
qubit(s) into the QECC, performing the encoded entan-
gling gates with the right qubit(s), decoding the QECC
on the left, making the syndrome measurements, and
then performing the desired gate teleportation by mea-
surement. After the gate teleportation from the left to
the right, the logical cluster states are again re-built
in two columns by re-encoding the previously measured
qubits on the left, and entangling these with the logical
state encoded on the five (or 10) physical qubits on the
right. The procedure is repeated right-to-left, and then
2FIG. 1: (a) A regular 2D cluster state is comprised of qubits
(shown as blue dots) entangled with their nearest neighbors
(solid lines). Alternatively, it can be considered as a two-
column cluster state, in which entangled qubits in column 2
are not yet entangled with qubits in column 3 (red dots), as
shown in (b). Only after measurements on qubits in column 1
(subsequently shown in red) teleport gates to qubits in colum
2, the qubits in columns 2 and 3 are entangled, and so on.
In (c), the two-column cluster state is equivalent to a larger
2D cluster state, which in turn can be split into further two-
column cluster states, shown on the right.
back again, until the entire computation is accomplished.
In many physical systems, the qubits are naturally
arranged in a regular two-dimensional (2D) lattices,
such as ultracold neutral atoms confined in optical lat-
tices, quantum dots, or charge and flux superconduct-
ing qubits. These systems are often characterized by
local single-qubit measurements, but global entangling
gates, i.e. where each qubit becomes entangled with
its nearest neighbors down a given axis. In princi-
ple, regular 2D cluster states, which are a universal re-
source for 1WQC [37, 38], can be readily formed dy-
namically in principle by applying simple spin Hamil-
tonians with quantum dots [39, 40, 41, 42, 43], super-
conducting qubits [44, 45, 46], and atoms in optical lat-
tices [47, 48, 49]. Rather than a complication, global
entangling gates can be harnessed in order to simultane-
ously encode the qubit(s) on one side while decoding the
qubit(s) on the other. This efficient technique also allows
for a dramatic reduction in the number of entangling op-
erations required during the whole procedure.
A regular 2D cluster state is shown in Fig. 1(a). Qubits
are initialized in the state |+〉 = (|0〉+ |1〉) /√2, which
is the positive eigenvector of the Pauli-X operator, and
nearest-neighbor qubits are maximally entangled through
the controlled-phase gate CZ = diag (1, 1, 1,−1). In
the usual approach to 1WQC, measurements are made
on qubits column by column from left to right, which
teleport gates in the same direction. Measurements are
made in the Pauli-XY plane spanned by the vectors
|±ξ〉 =
(|0〉 ± eiξ|1〉) /√2 corresponding to the operator
HRz(ξ) where Rz(ξ) =
(
e−iξ/2 0
0 eiξ/2
)
generates a ro-
tation about the Pauli-Z axis. On outcome m ∈ {0, 1},
the measurement has the effect of teleporting the gate
XmHRz(ξ), where H is the Hadamard operator. Three
of these gates with different choices of ξ are sufficient to
simulate a general single-qubit unitary. Together with
the vertical CZ links that simulate entangling gates be-
tween logical qubits, 1WQC is able to simulate any quan-
tum circuit, and is one of many approaches in the general
measurement-based model of quantum computation [50].
Because of the linearity of the CZ gates, the computa-
tion on the full 2D cluster can be instead constructed as
a sequence of teleportations and column-to-column en-
tangling operations, as shown in Fig. 1(b). Qubits in the
first two columns are first entangled, and a gate telepor-
tation is effected by measurements of qubits in column
1. The qubits in the second column are only then en-
tangled with those in column 3, and the procedure is
repeated. Evidently, only two columns of qubits are ever
actually needed in order to reproduce the full 2D cluster.
The qubits in the left column are initially measured and
the gate is teleported to qubits on the right; after re-
entangling the two columns, measurement of qubits on
the right will teleport another gate back to qubits on the
left, etc. A similar idea has been recently discussed in
Ref. [28, 51].
As illustrated in Fig. 1(c), the 2D cluster state can al-
ways be decomposed into a series of two-column graph
states that are characterized by only two different kinds
of subgraphs. These correspond to a two-qubit graph
state |g−〉 ≡ CZ1,2|++〉1,2 oriented horizontally, and the
four-qubit linear cluster state in the ‘horseshoe’ shapes
< or =, |g<〉 = |g=〉 ≡ CZ1,2CZ2,3CZ3,4|++++〉1,2,3,4.
This decomposition is always possible because inserting
additional qubits along a horizontal axis simply requires
additional measurements in the X basis, which teleport
trivial (Clifford group) operators. Evidently, the same
decomposition is also possible with computational clus-
ter states, in which physical qubits are removed from the
2D cluster by computational basis (Pauli-Z) measure-
ments. Thus, to effect universal quantum computation,
one requires only multiple copies of the two states |g−〉
and |g<〉.
The remaining ingredient, and the core of the present
work, is to encode each physical qubit in the states |g−〉
and |g<〉 into QECC graph states. To minimize the over-
head in terms of physical qubits, and the complexity of
forming the states, we focus on the five-qubit QECC.
A logical qubit A with five physical qubits (labeled 1
through 5) is represented by [4]
|0L〉A = 1
4
(|00000〉+ |10010〉+ |01001〉+ |10100〉
+|01010〉 − |11011〉 − |00110〉 − |11000〉
−|11101〉 − |00011〉 − |11110〉 − |01111〉
−|10001〉 − |01100〉 − |10111〉+ |00101〉) , (1)
3FIG. 2: A scheme for 1WQC is depicted in a two-column
cluster state (pentagon; logical qubit and blurred line; logical
CZ operation). One performs decoding on logical qubits and
check error syndromes by measurement on ancillary physical
qubits in column L. The error-corrected qubits are teleported
to logical qubits in column R (red dot; measured physical
qubit and wiggled line; preexisted CZ operation). Logical
qubits are re-built in column L as long as logical CZ opera-
tions are performed among the logical qubits, and then it is
ready to repeat all the procedure from the right to the left.
and the other logical qubit on site A is equal to
|1L〉A = XLA|0L〉A = X⊗51−5|0L〉A, (2)
where XLA and Z
L
A = Z
⊗5
1−5 are logical Pauli-X and Z
operations on the logical qubit A and are fully transversal
(see details in Ref. [52]). Then, the eigenvectors of XLA,
hitherto referred to as logical Hadamard states, are also
defined by
|±L〉A = (|0L〉A ± |1L〉A)/
√
2 . (3)
These are equivalent to a pentagon graph state:
|−L〉A ≡ |D〉A = CD1−5|+〉⊗51−5, (4)
|+L〉A ≡ |D˜〉A = ZL|D〉A = CD1−5|−〉⊗51−5, (5)
where |±〉⊗51−5 = |±〉1|±〉2|±〉3|±〉4|±〉5 and CD1−5 =
CZ1,2 CZ2,3 CZ3,4 CZ4,5CZ5,1. If needed, the logical
computational basis states can also be obtained directly
from these via |1L〉A = XLA|0L〉A and
|0L〉A = H1X⊗42−5
4∏
m=3
CZ1,mCZ2,mCZ5,m|−L〉A
= H1X
⊗4
2−5CZ2,3CZ2,5CZ4,5|K5〉A, (6)
neglecting an overall sign, where |K5〉A =∏4
m=1
∏5
n=m+1 CZm,n|+〉⊗51−5 is the complete graph
on five qubits.
Fig. 2 shows a schematic for 1WQC in the two-column
format (L and R) discussed above, for a decomposed 2D
cluster state. This particular example corresponds to the
first two columns and first three rows of the third graphic
shown in Fig. 1(c). In the first step, logical cluster states
are prepared in two columns. The pentagon shape de-
notes a logical qubit in the state |±L〉 (the choice of |D〉 or
D˜〉 is arbitrary because the ZL and CZ gates commute).
A blurred line represents a logical CZ operation (defined
formally in the next Section). After decoding the logical
qubits and performing syndrome measurements on four
of the five qubits comprising each |D〉 on the left (second
step), a teleportation scheme performed by single-qubit
measurements on the fifth qubits in column L transfers
the quantum information to the logical qubits in column
R (third step in Fig. 2). Last, logical CZ operations are
carried out to re-encode the physical qubits in column L,
and to perform the various logical CZ operations accord-
ing to the computational cluster being simulated. The
full procedure is then repeated from right to left, and
then back again, until the desired computation is done.
The proposed scheme is thus a hybrid of the 1WQC
and quantum circuit models, combining the main advan-
tages of both while minimizing the disadvantages. The
main apparent advantage in the 1WQC model, that all of
the entanglement can be generated in advance, is not in
fact applicable when the probability of single-qubit errors
is assumed to be constant with time: distant portions of
the cluster state will be heavily distorted by the time
measurements are made. By generating entanglement in
only two columns at a time, this problem is mitigated.
Meanwhile, the main advantage of standard 1WQC, that
the nearest-neighbor entangling can be performed using
a single global operation, is preserved in the current ap-
proach. Yet effective arbitrary two-qubit gates can still
be performed, in the spirit of the circuit model. That
said, some parallelism of the 1WQC model caused by the
sequential error-checking stage is inevitable in the en-
coding and decoding procedures, but the total number
of required operations is much smaller than it would be
in the standard circuit model, as discussed in more detail
below.
The remainder of this paper is organized as follows.
In Sec. II, the mathematical formalism for the formation
of QECC cluster states is described, and the procedure
for implementing 1WQC is discussed. A practical ap-
proach to implementing these ideas for systems charac-
terized by local single-qubit gates but global entangling
operations is shown in Sec. III, and the results are ana-
lyzed in Sec. IV.
II. THEORY OF 1WQC USING 5-QUBIT QECC
The full theoretical approach for 1WQC with embed-
ded five-qubit quantum error correction can now be pre-
sented. The CZ operation can be represented as
CZi,j =
1
2
(IiIj + IiZj + ZiIj − ZiZj) , (7)
4FIG. 3: A logical two-qubit cluster state |LCS2〉AB is de-
picted (see Eq. 13). Inner (outer)-pentagon qubits correspond
to logical qubit A (B) while the red lines indicate physical CZ
operations between physical qubits.
so that a physical two-qubit cluster state between qubits
1 and 2 is equivalent to
CZ1,2 |+〉1|+〉2 = 1√
2
(|0〉1|+〉2 + |1〉1|−〉2). (8)
Likewise, the logical CZ gate can be represented as
CZLA,B =
1
2
(
ILAI
L
B + I
L
AZ
L
B + Z
L
AI
L
B − ZLAZLB
)
, (9)
where ILA = I
⊗5
1−5, so that the logical two-qubit cluster
state is
CZLA,B|−L〉A|−L〉B =
1√
2
(|0L〉A|−L〉B − |1L〉A|+L〉B) .
(10)
Of course, the logical CZ gate (9) is impossible to
implement directly. Rather, one needs to know how
to obtain the resulting state (10) using only two-qubit
CZ gates and possibly local unitaries. To make further
progress, it is useful to note that a six-qubit GHZ state
can be constructed by adding a sixth qubit initialized in
the |+〉 state as follows:
|6GHZ〉1−5,6 =
[
5∏
n=1
CZn,6
]
|+〉⊗51−5|+〉6 (11)
=
1√
2
(|+〉⊗51−5|0〉6 + |−〉⊗51−5|1〉6) .
Applying the operation CD1−5 on the GHZ state, a logical-
physical cluster state |ψLP 〉 is formed
|ψLP 〉 ≡ CD1−5|6GHZ〉A,6
=
1√
2
[|−L〉A|0〉6 + |+L〉A|1〉6)] , (12)
FIG. 4: For encoding |ψ〉1 = α|0〉1+β|1〉1 into a logical qubit,
qubits 2 − 5 are prepared in |0000〉2345 . After operations E1
and E2, the final state is α|0
L〉1 + β|1
L〉1.
which is equivalent to the state (8) with the substitution
|+〉 → |−L〉 as shown in Eq. (4). By a straightforward
extension of the above arguments, one can readily obtain
a logical two-qubit cluster state with 10 physical qubits:
|LCS2〉 ≡ CD1−5CD6−10
5∏
m=1
10∏
n=6
CZm,n|+〉⊗51−5|+〉⊗56−10
=
1√
2
[|−L〉A|0L〉B + |+L〉A|1L〉B)] . (13)
That this is equivalent to (10) can be seen by noting that∏5
m=1
∏10
n=6 CZm,n|+〉⊗51−5|+〉⊗56−10 yields
1
2
[
(|+〉⊗5A + |−〉⊗5A )|+〉⊗5B + (|+〉⊗5A − |−〉⊗5A )|−〉⊗5B
]
,
which due to relations (4) and (5) transforms into (10)
upon the application of the CD1−5C
D
6−10 operators.
The encoded two-qubit cluster state is depicted in
Fig. 3. To build this state, all physical operations are
decomposed by two groups of CZ operations. Two log-
ical qubits A (1 to 5) and B (6 to 10) are linked with
five GHZ-type connections and two pentagon operations,
and these CZ operations importantly commute with each
other. The resulting ten-vertex graph has constant ver-
tex degree seven. Likewise, the encoded version of the
horseshoe subgraphs < and = are twenty-vertex graphs,
with ten of the vertices (correspoding to encoded vertices
at the two endpoints of the linear cluster state gL
<
) hav-
ing degree seven, and the remaining vertices (encoded
vertices in the interior of the cluster state) having degree
twelve.
A. Encoding and decoding circuits
While CD is sufficient to effect the transformation
|+〉⊗5 → |−L〉, after one gate teleportation the result-
ing state will instead be |ψL〉 = α|0L〉+ β|1L〉, with α, β
5arbitrary complex coefficients. Furthermore, under cer-
tain circumstances it may be desirable to initialize the
1WQC with some particular quantum state. The quan-
tum circuit for encoding a physical qubit in the state
|ψ〉1 = α|0〉 + β|1〉 into a logical qubit consisting of five
physical qubits is shown in Fig. 4. The encoding consists
of two sets of operations, labelled E1 and E2. Suppose
that five physical qubits are initially prepared in the state
|ψ〉1|0000〉2−5. After E1, one obtains the five-qubit state
|ψ˜〉1−5 = 1√
2
[
(α − β)|+〉⊗51−5 + (α+ β)|−〉⊗51−5
]
. (14)
The second circuit E2 maps vectors |±〉⊗5 into logical
Hadamard states, as discussed in the previous section.
Thus, the final state becomes
|ψL〉1−5 = CD1−5|ψ˜〉1−5 = α|0L〉1−5 + β|1L〉1−5. (15)
Evidently, for the special case |ψ〉1 = |+〉1 where α =
β = 1/
√
2, one obtains E2E1|+〉⊗51−5 = |+L〉1−5 =
ZLCD|+〉⊗51−5.
The decoding is simply the adjoint of the encoding cir-
cuit, as usual. For example, the detection outcome in
|abcd〉2345 becomes |0000〉2345 without an error, because
decoding is an inverse process of encoding qubits. Other-
wise, the detected errors in |abcd〉2345 represent the physi-
cal qubit that suffered a Pauli error, and which type of er-
ror occurred (see the details in Table I). Thus, quantum
error-correction is perfectly possible with corresponding
syndrome measurements.
B. Encoded teleportation
An encoded (or error-correcting) teleportation with
two logical qubits is one of the main building blocks of
encoded 1WQC. In Fig. 5, the first qubit |ψ〉1 has quan-
tum information and nine physical qubits are initially
Error type Syndrome (|a b c d〉2345) Outcome
None 0000
Z2 1000
Z3 0100 |ψ〉
Z4 0010
Z5 0001
X1 1001
X3 1010
X4 0101 X |ψ〉
X3Z3 1110
X4Z4 0111
X1Z1 0110
X2 1011
X5 1101 XZ |ψ〉
X2Z2 0011
X5Z5 1100
Z1 1111 Z |ψ〉
TABLE I: Error correction table with corresponding syn-
drome detections in the decoder circuit in Fig. 4.
FIG. 5: The full quantum circuit is shown for encoded telepor-
tation between the first encoded qubit (physical qubits 1− 5)
and the second (qubits 6 − 10). Encoding is accomplished
by the unitaries E1 and E2 shown in Fig. 4. The two logical
encoded qubits are then entangled by a GHZ-type interac-
tion between the first five physical qubits and qubit 6. The
first logical qubit is decoded via E†
2
and E†
1
, syndrome mea-
surements on qubits 2− 5 are performed, and teleportation is
finally accomplished via measurement of qubit 1.
prepared in the state |0〉. The encoding operations (E1
and E2) on the first five qubits then yield logical qubit
A. Alternatively, the first five qubits would represent a
logical state |ψL〉1−5 that was the result of some previ-
ous , in which case one would ignore the E2E1 operation.
In the middle of Fig. 5, a GHZ operation
∏5
n=1 CZn,6
including a Hadamard operation in qubit 6 creates the
logical-physical cluster state
|ψ′LP 〉 = α|0L〉1−5|+〉6 + β|1L〉1−5|−〉6. (16)
The subsequent encoding of logical qubit B yields the
desired final state
|LCS′2〉AB = α|0L〉A|+L〉B + β|1L〉A|−L〉B . (17)
Note that the quantum circuit shown in Ref. 5 requires
only the single GHZ operation
∏5
n=1 CZn,6. This is in
apparent contrast with the logical two-qubit state de-
picted in Fig. 3. In fact, if one were to ‘push’ the E1 and
E2 operations on qubits 6-10 through this GHZ opera-
tion, one would indeed recover the implied graph-state
connections. More precisely, it is straightforward to ver-
ify that
E2E1
5∏
n=1
CZn,6H6|0〉⊗56−10
= ZL6−10C
D
6−10
5∏
n=1
10∏
m=6
CZn,m|+〉⊗56−10. (18)
It is clearly preferable in practice to implement the quan-
tum circuit shown in Fig. 5 than to explicitly perform all
6of the GHZ operations on the right-hand side of Eq. (18).
Now, quantum information is protected from a single-
Pauli error in the logical two-qubit cluster state. After
decoding and measuring syndromes in logical qubit A,
the error can be corrected in qubit 1, yielding the inter-
mediate physical-logical state
|ψPL〉1,B = α|0〉1|+L〉B + β|1〉1|−L〉B. (19)
It is easy to check that a measurement of the first qubit
in the HRz(ξ) basis with outcome m ∈ {0, 1} yields the
result
|ψLout〉 =
e−iξ/2√
2
[(
α± eiξβ) |0L〉B + (α∓ eiξβ) |1L〉B]
=
(
XL
)m
HLRLz (ξ)|ψL〉B, (20)
which yields precisely the desired gate on the encoded
qubit B required to construct a universal unitary opera-
tion on the logical state. The generalization of the above
results to the encoded horseshoe subgraph is straightfor-
ward.
III. PHYSICAL IMPLEMENTATION
Even with the simplified quantum circuit for encod-
ing the two-qubit cluster state shown in Fig. 5, com-
pared with the full graph state shown in Fig. 3, there
remain 23 physical two-qubit gates in order to imple-
ment the logical two-qubit cluster state. The situation
with the encoded linear four-qubit states is worse yet,
with 51 physical two-qubit gates. The number of such
operations can be greatly reduced, however, in physi-
cal systems characterized by global entanglement oper-
ations, such as quantum dots [39, 40, 41, 42, 43], su-
perconducting qubits [44, 45, 46], and atoms in optical
lattices [47, 48, 49].
Several proposals for the generation of cluster states
using global interactions have been theoretically stud-
ied in solid-state systems. A single quantum-dot qubit
consists of two charge states in a double-well potential
coupled to a long transmission resonator [41]. Two elec-
trons can be located in either the left or right potential
well. When the double-well is biased by an external field,
the charge states can be encoded as computational qubit
states. The application of an oscillating field to each
qubit then yields a linear cluster state [41, 42], or an
encoded cluster state with multiple dots [43]. Similarly,
a superconducting qubit consists of Josephson junctions
connected to a common inductance. For example, a su-
perconductor ring consisting of three Josephson junctions
can provide a phase qubit in a double-well potential in
which circulating supercurrents of opposite circulation
are computational states. By turning on the inter-qubit
inductive coupling, a linear cluster state can be created
in the superconductor array [44, 45, 46].
As the other concrete example discussed in the re-
mainder of this work, consider ultracold atoms confined
in 2D optical lattices. Ideally in the Mott-insulator
state [53, 54, 55], exactly one atom will occupy each
site of a 2D lattice. The Mott limit has been achieved
for arbitrary dimensions [56], though in the 1D and
2D cases it is difficult to reach the regime of unit fill-
ing [57, 58, 59]. Entanglement between each nearest-
neighbor can then be effected across the system using
either state-dependent collisions [49, 53] or tunable spin-
spin interactions [47]. In both cases, the entanglement
operation is global, i.e. is effected between all neighbors
simultaneously along a given direction. Errors in the ap-
plication of the global entangling gate will generally re-
sult in a two-qubit controlled-phase gate diag(1, 1, 1, eiφ)
with φ 6= pi, which would have serious consequences for
the application of 1WQC in these systems. A global
phase error can be eliminated in principle [60], but ran-
dom phase errors are more difficult to correct [61].
Only using state-dependent collisions, however, can
the choice of neighbors be easily controlled by suitable
time-dependent manipulation of the lattice potential in
both spatial directions. In order to apply this idea to our
QECC scheme, every five qubits should be encoded as a
logical qubit in optical lattices. In particular, construc-
tion of all encoded two- or four-qubit cluster states in a
given column of the full computational cluster requires
at most five entangling operations. Furthermore, the de-
coding circuit E†1E2 on the first logical qubit, shown in
Fig. 5, can be performed simultaneously with the encod-
ing circuit E2E1 on the second qubit. Thus, each gate
teleportation for all logical qubits requires a total of five
entangling gates.
The actual implementation of 1WQC still remains ex-
perimentally challenging because the distance between
adjacent lattice sites is usually comparable to the spa-
tial size of the laser beam used for single-qubit opera-
tions. This means that applying single-qubit rotation
might yield undesirable operations on neighboring atoms
of the target atom using a single laser field. Several
proposals for improving the addressability have recently
been made. For example, interference of laser beams
allows single-qubit operations with many-atom address-
ing [62]; other proposals include employing microwave
transitions [63] or pointer atoms [64]. Much experimen-
tal progress has been made toward single-atom address-
ing [65]. One approach is to make a larger separation be-
tween the neighboring atoms. A superlattice scheme us-
ing lasers at two different wavelengths enables loading of
atoms at every third site of the optical lattice [66]. More
recently, images of single atoms in 3D optical lattices
can be taken either through the use of a high-resolution
lens [67] or lattices with large spacing [68]. Alternatively,
atoms loaded into optical lattices [69] can be rearranged
by using two crossed beams [70] to end up in regions more
amenable to addressing.
In this section, we show how to generate logical two-
qubit and four-qubit cluster states in such a system. The
main idea is to use auxiliary physical qubits (ancillae) in
the vicinity of the qubits comprising the logical states, in
7FIG. 6: An overview of the procedure for producing the
logical-physical cluster state in a regular lattice is shown. The
encoding operation on the five physical qubits (white dots
aligned in a single column) of logical qubit A is shown in (a).
Blue dots denote auxiliary qubits which mediate a CZ op-
eration (red line) between two distant qubits. Pauli-Z and
Hadamard operations are first performed on the information
qubit |ψ〉1 (see Fig. 4), while the other four relevant qubits
(2-5) and the remaining unneeded physical qubits are initially
prepared in the computational basis state |0〉. The approach
for obtaining the operations E1 and E2 are shown in Figs. 7
and 8, respectively. The distant GHZ operation depicted in
(b) between qubits 1-5 and qubit 6 is shown in Fig. 9. When
we perform all the operations in (a) and (b) including sev-
eral single-qubit operations shown in Fig. 4, the final state is
|ψ′LP 〉AB in Eq. (16).
order to effect entanglement between two spatially dis-
tant physical qubits. We also illustrate that encoding
and decoding can be performed simultaneously on differ-
ent logical qubits using global CZ operations, allowing
for a significant reduction in the number of overall op-
erations. Finally, we suggest various strategies for ap-
proaching fault-tolerance in these systems.
A. Two-qubit encoded cluster states
The quantum circuit for the encoded teleportation is
shown in Fig. 5, but this cannot be directly implemented
in systems characterized by global entangling operations
because it requires entanglement gates between distant
qubits. An appropriate strategy for producing a logical-
physical cluster state in a 2D square system is shown
in Fig. 6. All of the sites colored blue are qubits that
serve as ancillae, and are initialized in |0〉; the white dots
are physical qubits comprising logical qubits A and B,
labeled from 1 to 5 and 6 to 10 in Fig. 6, respectively.
The encoding of qubits in A requires single-qubit opera-
tions on the physical qubits, and two graph circuits: the
GHZ5 and the pentagon operator C
D
1−5, both shown in
Fig. 4. As shown below, these can each be performed in-
dependently with two global entangling gates (in the ver-
FIG. 7: Two global entangling operations are required to
build the E1 circuit. (a) Blue and white dots are initialized
in states |0〉 and |+〉, respectively. After a vertical global
CZ operation (red lines), various qubits are measured in the
X basis (denoted by the × symbol). (b) After a horizontal
global CZ operation and further measurements, one obtains
the desired outcome (c).
tical and horizontal directions) using the nearby ancillary
qubits. The logical-physical cluster state is finally formed
with the GHZ6 operator
∏5
i=1 CZi,6 shown in Fig. 6(b),
and implemented explicitly below using three global en-
tangling operations The logical-physical cluster state can
therefore be obtained using a total of seven global entan-
gling operations.
The implementation of the four entangling operations
in the E1 circuit is depicted in Fig. 7. All of the qubits are
initialized either in the states |0〉 (blue) or |+〉 (white).
A single global entangling operation is then performed in
the vertical direction, which results in CZ gates between
each pair of white qubits (shown as straight red lines
in the figure). Measurements in the X basis (depicted
as crosses in the figure) are then performed on selected
ancillae in order to produce a CZ gate between distant
qubits (shown as curved red lines in the figure). Because
each measurement teleports an XmH gate to the neigh-
boring qubit, wherem = {0, 1} denotes the measurement
outcome, one must measure an even number of qubits
between each pair. Alternatively, one could choose to
measure an odd number of intervening qubits, but then
a Hadamard gate would have to be applied manually to
any qubit at the end of the distant CZ bond. This latter
approach would require fewer ancillae, but unnecessarily
complicates the present discussion. A subsequent entan-
gling operation in the horizontal direction, followed again
by an even number of X measurements and the applica-
tion of appropriate single-qubit gates, results in the four
GHZ5 entangling operations needed for the E1 circuit.
The five entangling gates CD1−5 in the circuit E2 can
be implemented in an analogous fashion, as shown in
Fig. 8. The qubits are initialized in either |0〉 or |+〉,
a global vertical entangling operation is performed, fol-
8FIG. 8: Two global entangling operations are also required to
build the E2 circuit. (a) Blue and white dots are initialized
in states |0〉 and |+〉, respectively. After a vertical global
CZ operation (red lines), various qubits are measured in the
X basis (denoted by the × symbol). (b) After a horizontal
global CZ operation and further measurements, one obtains
the desired outcome (c).
lowed by various measurements and single-qubit gates
to compensate for byproduct operators associated with
measurement outcomes m = 1. A subsequent horizontal
global entanglement operation and further measurements
yields the desired gate set. Note that for the last set of
measurements, one cannot na¨ıvely apply single-qubit X
gates to compensate for byproduct operators, because
these do not commute with the CZ operators; rather,
the byproduct operators must be kept in mind during
the usual feed-forward process of the one-way computa-
tion.
The final task is to create the GHZ1−5,6 operation be-
tween each of five qubits of the logical qubit A and phys-
ical qubit 6,
∏5
n=1 CZn,6. While the approach is again
similar to the methods described above to generate en-
tanglement between remote qubits in circuits E1 and E2,
in the present case one rather requires three global entan-
gling gates. This might at first seem surprising, because
one requires a set of entangling gates that is almost iden-
tical to those needed for E1. The reason is that qubit 6
needs to be entangled with five other qubits, whereas in
E1 qubit needed to entangle with only four other qubits.
With a square lattice geometry where each qubit has four
neighbors, entangling a central qubit to four other qubits
is straightforward, but not to five.
The scheme for implementing the GHZ1−5,6 operations
in the lattice is shown in Fig. 9. After suitable initial-
ization of qubits, a horizontal global entangling gate is
applied. After suitable measurements and applied single-
qubit unitaries, a vertical global entangling gate is ap-
plied. Again making measurements and applying uni-
taries, one obtains entanglement between qubit 6 and
qubits 1, 2, and 5. In order to generate entanglement be-
tween qubit 6 and qubits 3 and 4, one requires one more
FIG. 9: Three global entangling operations are required to
generate the GHZ6 entangling gates shown in Fig. 5. (a)
Blue and white dots are initialized in states |0〉 and |+〉, re-
spectively. After a horizontal global CZ operation (red lines),
various qubits are measured in the X basis (denoted by the ×
symbol). (b) After re-initialization of various qubits a verti-
cal global entangling gate is performed, and various measure-
ments are made. (c) A subsequent re-initialization, vertical
entangling operation, and set of measurements yields the de-
sired outcome (d).
vertical global entangling operation and further measure-
ments/unitaries.
With the approaches discussed above, one requires a
total of seven global entangling operations, in addition
to single-qubit measurements and unitaries, in order to
produce the logical-physical cluster state |ψ′LP 〉. The full
quantum teleportation circuit shown in Fig. 5 also re-
quires the decoding of logical qubit A and the encoding
of logical qubit B, followed by error-syndrome and gate-
teleportation measurements. Once the information has
been teleported, it will be encoded in logical qubit B,
because the encoding operation E2E1 will already have
been carried out. The information and a logical gate can
then be teleported back to A by replacing the indices 1−5
with 6− 10, etc. Thus, each subsequent teleportation re-
quires decoding B (A), encoding A (B), and performing
the GHZ6−10,1 (GHZ1−5,6) entangling gates.
One nice feature of this proposal is that the decoding of
A (B) can be performed simultaneously with the encod-
ing of B (A). Both E1 and E2 are effected by a horizontal
global entangling gate followed by a vertical one. Fur-
thermore, the qubits in A and the ancillae used to medi-
ate the distant CZ gates among them are well-separated
from their counterparts in B. Thus, each encoded gate
teleportation requires a total of seven global entangling
operations. The only difference to Figs. 7-9 is that phys-
ical qubits comprising A (B) are not re-initialized if the
quantum information is encoded in logical qubit A (B).
B. Four-qubit encoded cluster states
To build the horseshoe graphs < and = of the compu-
tational cluster state, we need to perform only a distant
9FIG. 10: Two logical qubits are denoted as A (qubits 1 to 5)
and D (16 to 20). (a) During operation E1 in qubit A and D,
a vertical global CZ operation is simultaneously created on
the right side, and the middle qubits are measured in the X
basis. (b) During operation E2 in qubit A and D, a horizontal
global CZ operation is performed, and two auxiliary qubits are
measured in X basis. (c) While logical qubits are successfully
made in A and D (see the grey dot-dash ovals), a distant CZ
operation is created between qubits 6 and 11. (d) Performing
GHZ6 operation between logical qubit A and 6 (D and 11), a
logical-physical four-qubit cluster state is created.
CZ operation between the central qubit of a logical qubit
and that of the other logical qubit. As shown in Fig. 10,
four logical qubits are denoted as A (qubits 1 to 5), B
(qubits 6 to 10), C (qubits 11 to 15), and D (16 to 20).
Their central information qubit are called qubit 1, 6, 11,
and 16, and prepared in states |ψ〉1 = α|0〉1+β|1〉1, |+〉6,
|+〉11, |φ〉16 = c|0〉16 + d|1〉16, respectively. In Fig. 10(a),
a vertical global CZ operation (a red straight line) is cre-
ated, and the middle qubits are measured in the X basis
(denoted by × symbol) during operation E1 on qubits A
(1 to 5) and D (16 to 20). Similarly, during operation E2
on qubits A and D, a horizontal global CZ operation is
made between qubit 6 (11) and the auxiliary qubit and
the two extra qubits are measured in X basis as shown
in Fig. 10(b). Then, in Fig. 10(c), two logical qubits (A
and D) are built (see the grey dot-dash lines) while a
physical two-qubit cluster state is made between qubits
6 and 11. This state yields
1√
2
[|ψL〉A(|0〉6|+〉11 + |1〉6|−〉11)|φL〉D] . (21)
In Fig. 10(d), the state becomes a logical-physical four-
qubit cluster state with quantum information |ψL〉 and
|φL〉 after the GHZ6 operation between logical qubit A
and physical qubit 6 (D and 11). Finally, when en-
coding E2E1 is performed in qubits B and C, the final
state yields CZLABCZ
L
BCCZ
L
CD |ψL〉A|+L〉B|+L〉C |φL〉D
as the logical horseshoe graph =.
C. Toward fault tolerant 1WQC
The approach to one-way quantum computation de-
scribed above has several advantages over the standard
cluster-state model. First, the two-column approach
means that physical qubits are prepared quickly and then
immediately used. In this way, the accumulation of errors
on resource qubits is minimized. Second, the quantum
information is protected during a portion of the proto-
col, using the smallest possible QECC and the small-
est number of entangling operations. In this way, single
qubit errors are detected and corrected before they can
be propagated by quantum teleportation. Third, in many
physical implementations most of the entanglement gates
required can be parallelized (for example, the encoding of
multiple logical qubits can be performed simultaneously
with the decoding of others), significantly lowering the
number of required operations.
These advantages notwithstanding, the procedure is
only weakly tolerant of single-qubit depolarizing errors.
The information is only protected during the small tem-
poral window immediately following the gate teleporta-
tion. That said, there are several small changes to the
above protocol that would provide significant improve-
ments to the protection of the quantum information, and
furthermore point the way toward developing a fault-
tolerant 1WQC protocol with suitably modified cluster
states.
The first modification is to redesign the sequence of
operations in order to protect the quantum information
from single-qubit errors most of the time. In the current
approach (see Fig. 5), the logical qubit A of a logical-
physical two-qubit cluster state, Eq. (16), is decoded at
the same time as logical qubit B is encoded. This has the
advantage of minimizing the total number of entangling
operations needed in systems where these can be per-
formed in parallel. The disadvantage is that the quan-
tum information residing on qubit A is susceptible to
error during this process, as it is during the syndrome
measurements, possible attendant single-qubit unitaries,
and the gate teleportation measurement. It would be
preferable if most if not all of these operations could all
be performed on encoded information; and furthermore
that they would be carried out fault-tolerantly.
To improve this scenario, qubit B could be encoded
independently while the quantum information continues
to reside in A, which in systems characterized by global
entangling operations requires a total of four global en-
tangling gates, as shown in Figs. 7 and 8. This approach
has the definite advantage that the integrity of the en-
coding can be verified before the quantum information
in A is teleported to B. As in the original protocol [8],
one needs to construct a four-qubit GHZ state proximal
to the logical state being tested; then four of the physi-
cal qubits comprising the logical state are each entangled
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with one qubit of the GHZ state, followed by syndrome
measurements on the GHZ qubits. The process is re-
peated four times to verify the logical state. Any error
discovered can be repaired by performing the appropri-
ate single-qubit operation on the logical state. Assuming
perfect GHZ states (more on this below), the procedure
is fault-tolerant, because of the relationship between the
QECC stabilizer and the entangling operations between
the logical and GHZ states. The full procedure should be
performed several times in order to have confidence that
the error syndrome is properly diagnosed.
Unfortunately, encoding qubit B before entangling
with A modifies Fig. 5, in that the unitary E2E1 is ap-
plied to qubits 6-10 before the GHZ1−5,6 operation. It
is not difficult to show that this means that the full
GHZ1−5,6−10 set of twenty five entangling gates depicted
in Fig. 3 would instead need to be applied on the phys-
ical qubits. This is the main apparent drawback of em-
ploying the five-qubit QECC: because it is not a CSS
code, a transversal CZ operation (i.e. a direct logical
CZ gate between encoded qubits) is not possible. While
the logical entangling gate cannot be applied fully fault-
tolerantly without a large overhead in terms of ancillary
qubits and operations, certain steps can nevertheless be
verified.
The required set of gates can be simplified by not-
ing that the graph state |g〉 ≡ ∏5i=1∏10j=6 CZi,j |+〉⊗10
is unitary equivalent to the graph state |g′〉 ≡
CZ1,6
∏5
i=2 CZ1,i
∏10
j=7 CZ6,j |+〉⊗10 by edge comple-
mentation [71] (in this case between qubits 1 and 6).
That is, one rather needs to first generate GHZ states on
qubits 1-5 and 6-10, and then entangle together only one
qubit from each set, for a total of only nine entangling
gates. The edge-complementation equivalence does not
apply directly to the qubits A and B, however, because
one of these is an encoded state possessing the relevant
quantum information, and is not the simple product state
|+〉⊗5 assumed above.
One would rather insert ancillary qubits (labeled 1′
through 5′) just to the right of logical qubit A, ori-
ented vertically and aligned horizontally with qubits 1
through 5; a similar set would be inserted to the left
of logical qubit B (labeled 6′ through 10′). GHZ states
|5GHZ〉1′−5′ and |5GHZ〉6′−10′ are prepared using the
procedure shown in Fig. 7. The two GHZ states can
then be entangled with each other using a single hori-
zontal entangling operation and two additional ancillae,
and the state depicted in Fig. 3 can be obtained by local
operations. Logical qubits A and B are then entangled
by applying a single horizontal global entangling gate,
which entangles all qubit pairs i and i′, 1 ≤ i, i′ ≤ 5
through intermediate ancillae, followed by X measure-
ments of qubits i.
The four and five-qubit GHZ states that are required to
fault-tolerantly verify the encoded single qubit state and
to mediate the logical qubit-qubit entangling operation,
respectively, must themselves be verified prior to their
use. In practise, one simple requires one additional phys-
ical qubit, which is repeatedly entangled with the GHZ
state and then measured. If the measurement outcome
indicates an error, the procedure is repeated. The ancilla
would be a physical qubit directly above the GHZ qubits,
so only one vertical entangling operation is needed for
each verification measurement. A similar approach was
recently proposed in ion traps [72].
All logical states and ancillary GHZ states can be ver-
ified fault-tolerantly after their (non fault-tolerant) con-
struction. Thus, all operations in the 1WQC scheme
discussed above can in principle be performed fault-
tolerantly, except for the single entangling operation that
links the ancillary five-qubit GHZ states to the logi-
cal qubits and to each other. This can be performed
using fault-tolerant constructions, but is not in itself
fault-tolerant because the fidelity of the result cannot be
tested. In principle, this operation also could be made
fault-tolerant through the use of additional ancillae and
verification, but at the cost of completely repeating the
construction of the logical qubit not encoding the quan-
tum information. In practise, it is reasonable to assume
that the time taken to perform these entanglement op-
erations, during which the quantum information would
be entangled fault-tolerantly but unverifiably, would be
small compared to the time needed to perform the other
operations.
IV. SUMMARY AND REMARKS
An approach to 1WQC has been presented that ex-
plicitly incorporates quantum error correction as a way
to minimize the propagation of errors during the com-
putational process. This proposal has two key features.
First, the cluster states are only constructed two columns
at a time, so that physical qubits will not have a sufficient
amount of time to undergo significant decoherence prior
to measurement. Second, QECC states are prepared in
each column, where a logical qubit is equivalent to a five-
qubit graph state, and a logical two-qubit cluster state is
represented by a graph state of ten qubits. In this way,
errors can be detected and corrected prior to the main
gate teleportation. Each teleportation requires several
procedures on the two logical qubits, including encoding,
decoding, GHZ6 quantum circuits. Prior to the encoded
teleportation, the error syndrome is checked by single-
qubit measurements on four of the five physical qubits
comprising the first logical qubit, and the corrected in-
formation is teleported to the next logical qubit.
Following the description of the fundamental protocol,
a physical implementation is discussed for systems char-
acterized by global entangling operations, such as ultra-
cold atomic gases in 2D optical lattices. A procedure
for constructing logical cluster states (logical two-qubit
and four-qubit states) using several global CZ operations
and single-qubit measurements is shown explicitly, with
an eye on minimizing the number of physical (ancillary)
qubits and total operations.
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While the main scheme for error-correcting 1WQC
discussed in the manuscript allows for error detection
and correction, it is not fault-tolerant. An improved
scheme is outlined that begins to address this issue, at
the cost of additional ancillae and operations. This im-
proved scheme incorporates fault-tolerant elements, but
only hints at a fully fault-tolerant approach to one-way
quantum computation based on quantum error correc-
tion. For example, the logical states are constructed us-
ing unprotected single-qubit and entangling gates, logical
qubits are entangled by non-transversal and unverifiable
operations, and concatenating the logical qubits in sys-
tems characterized by global entangling operations seems
daunting.
In the circuit model, a concatenation method for five-
qubit QECC has been already mathematically stud-
ied [73]. In our scheme, the first level of concate-
nation costs 25 physical qubits (five pentagon qubits)
and 50 physical CZ operations among them using edge-
complementation equivalence. Because of the mathe-
matical complexity of the logical CZ operation in the
first level concatenation, let alone determining how one
would go about implementing it with physical qubits in
periodic lattices, a full investigation into how to imple-
ment concatenation with this approach is beyond the
scope of the present work. Another fruitful extension
of our work, concatenating two different QECCs and us-
ing larger codes to correct more noisy models, will also
be needed in order to develop a more complete theory of
practical fault-tolerant 1WQC. These issues, and a full
analysis of the associated error thresholds, will be ad-
dressed in future work.
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